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minimize $f(x)$ subject to $x\in \mathbb{R}^{n}$
, $f$ : $\mathbb{R}^{n}arrow \mathbb{R}$ 2 . , $n$ , $f$ $\nabla^{2}f(x)$
, $0$ . ,
. ,
, . ,
, (DFP BFGS ) [3] ,
. , .
, $\nabla^{2}f(x)$ ,
(Matrix Completion Quasi-Newton method, MCQN ) [$5|$ . , $\nabla^{2}f(x_{k})$
$B_{k}$ , $H_{k}$ . , $V$ $:=\{1,2, \cdots n\},$ $E$ $:=\{(i,j)|[\nabla^{2}f(x)]_{ij}\neq$
$0$ for some $x\in \mathbb{R}^{n}$ } , $E$ $\nabla^{2}f(x)$ . , $V$ , $\overline{E}$ $:=$
$E\backslash \{(i, i)|i=1, \cdots n\}$ $G=(V, \overline{E})$ $\nabla^{2}f(x)$ ( ,
. )
$\nabla^{2}f(x_{k})$ , MCQN $H_{k}$ ,












, ( [1] ). ,
$V$ , $E\subseteq VxV$ , $G=(V, E)$ .
, , $v\in V$ $(v, v)\not\in E$ .
, .
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1( ). 2 $u,$ $v\in V$ $(u, v)\in E$ .. $v\in V$ $Adj_{G}(v)=\{u\in V|(u, v)\in E\}$ . , $G$
, Adj (v) .. $v\in V$ $v$ , deg(v) *1.
$\bullet$ 2 , .
$\bullet$ 2 $G=(V, E)$ $G’=(V’, E’)$ , $V’\subseteq V$ $E’\subseteq E$ , $G’$ $G$
.
$\bullet$ $V’$ $G=(V, E)$ $V$ . , $V’$ ,
$E’$ $:=E\cap(V’xV’)$ $G’=(V’, E’)$ , (V’ ) $G$ $s2$. $C$ $G=(V, E)$ $V$ . , $C$ $G=(V, E)$
*3, $G$ . 2
, , $C$ .
$\bullet$ $v\in V$ Adj(v) , $G=(V, E)$
. , $v$ .. , . ,
$\bullet$ 2 ( ) .




2 $G=(V, E)$ , $v_{1}\in V$ . , $V\backslash \{v_{1}\}$
.
1,2 , $V\backslash \{v_{1}\}$ . $v_{2}$ .
. $Adj(v_{i})\cap\{v_{i+1}, v_{i+2}, \cdots , v_{\mathfrak{n}}\}$ $i=1,2,$ $\cdots n-1$ , $G$
$(v_{1}, v_{2}, \cdots v_{n})$ ( , $n=|V|$ ) . (perfect
elimination ordering, PEO ) . PEO ,
.
3 $G=(V, E)$ , $G$ PEO .
, PEO .
, , PEO . $G=$
$(V, E)$ , $(v_{1}, v_{2}, \cdots v_{n})$ $G$ PEO . $v_{1}$ , $v_{1}$
, $\{v_{1}\}\cup Adj(v_{1})$ . , $v_{1}$ , $\{v_{2}, v_{3}, \cdots v_{n}\}$
. , $G=(V, E)$
$*1$ . $\deg(v)=|Adj_{G}(v)|$ .
$*2G’$ $G$
$*3$ , $i,j\in C$ $(i,j)\in E$
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, $\{v_{i}\}\cup$ (Adj $(v_{i})\cap\{v_{i+1},$ $v_{i+2},$ $\cdots$ , $v_{n}\}$ ), $i=1,2,$ $\cdots n$ .
, $l$ $G$ , .
4 $G=(V, E)$ , $(v_{1}, \cdots v_{n})$ $G$ PEO . , $G$
$\{C_{r}|r=1,2, \cdots l\}$ , :
$C_{r}=\{v_{i}\}\cup(Adj(v_{i})\cap\{v_{i+1},v_{i+2}, \cdots v_{n}\})$ , $i= \min_{v_{f}\in C_{r}}j$
4 , $l$ $n$ .
, ,
.
5 $G=(V, E)$ , $r=1,2,$ $\cdots l-1$ ,
$\exists s\geq r+1:C_{r}\cap(C_{r+1}\cup C_{r+2}\cup\cdots\cup C_{l})\subsetneq C_{l}$ (1)
$\{C_{r}|r=1,2, \cdots l\}$ .
5 Running Intersection Property ( RIP ) .
3 MCQN $\backslash *$
, ( )
. $x_{k}$ , $H_{k}$ $\nabla^{2}f(x_{k})$ .
,
$p_{k}=-H_{k}\nabla f(x_{k})$
. , $p_{k}$ , $x_{k+1}$
$x_{k+1}=x_{k}+\alpha_{k}p_{k}$
. , $\alpha_{k}$ ( ) .
$H_{k}$ . BFGS :
$(H_{k+1})_{ij}=(H_{k})_{ij}+ \rho s_{i}s_{j}-\frac{(H_{k}y_{k})_{i}(s_{k})_{j}+(s_{k})_{1}(H_{k}y_{k})_{j}}{s_{k}^{T}y_{k}}$ $\forall(i,j)\in VxV$ (2)
( , $s_{k}=x_{k+1}-x_{k}$ , $y_{k}=\nabla f(x_{k+1})-\nabla f(x_{k})$ , $\rho=\frac{1}{s_{k}^{T}y_{k}}+\frac{(y_{k})^{T}H_{k}y_{k}}{(s_{k}^{T}y_{k})^{2}}$ ) DFP
. BFGS DFP $H_{k+1}$ } , $s_{k}(s_{k})^{T}$ , $\nabla f(x)$
.
MCQN , $\nabla^{2}f(x)$ , $H_{k}$
.
). $(H_{k+1})_{ij},\forall(i,j)\in F$ BFGS .
$\bullet$ $(H_{k+1}^{-1})_{ij}=0,\forall(i,j)\not\in F$ .
$\bullet$ $H_{k+1}$ .
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, $F$ , $F\subseteq VxV$ $F\approx E$ . , (a) $(i, i)\in F,$ $i=1,2,$ $\cdots n$
(b) $(i, j)\in F\Rightarrow(j, i)\in F$ . $F$ $F=E$ , $F$
, $F=E$ . $F$
.
, , .
Step 1: BFGS (2) $H_{k}$ $(\overline{H}_{k+1})_{ij},$ $\forall(i,j)\in F$ .
Step 2: $(\overline{H}_{k+1})_{ij},$ $(i,j)\in F$ :
$\min_{H}$ $\psi(H_{k^{-1}}^{2}HH_{k}^{-\})$




, $\psi$ : $\mathbb{R}^{n\cross \mathfrak{n}}arrow \mathbb{R}$ $\psi(A)=trace(A)-\ln\det(A)$ . (3) , DFP








(4) . $F$ ,
.
[ $V$ , $\overline{F}:=F\backslash \{(i, i)|i=1, \cdots n\}$ $G’=(V,\overline{F})$
.
. $F$ , (4) $H^{*}$ ( $(\overline{H}_{k+1})_{ij},$ $(i,j)\in F$ )
, $[5, 6]$ . ( , . )
3 $G’=(V,\overline{F})$ , $\{C_{r}\},$ $r=1,2,$ $\cdots$ $l$ $G’=(V, \overline{F})$ $lUP$
( $l$ ) .
$\{S_{r}\},$ $\{U_{r}\}$
$S_{r}$ $:=C_{r}\backslash (C_{r+1}\cup C_{r+2}\cup\cdots\cup C_{l})$, $r=1,$ $\cdots l$ (5)
$U_{r}$ $:=C_{r}\cap(C_{r+1}\cup C_{r+2}\cup\cdots\cup C_{l})$ , $r=1,$ $\cdots l$ (6)
. ( , $V= \bigcup_{r=1}^{l}S_{r}$ $S_{i}\cap S_{j}=\emptyset$ . ) , $S_{1},$ $S_{2}\ldots.S_{l}$
1, 2, $\cdots n$ $G’$
. $P$ , (4) $H$‘ , :
$H^{*}=P^{T}L_{1}^{T}L_{2}^{T}\cdots L_{l-1}^{T}DL_{i-1}\cdots L_{2}L_{1}P$ (7)
$r4H\succeq O$ , $H$ . , $H\succ O$ , $H$ .
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$r=1,2,$ $\cdots$ $l-1$
$[L_{r}]_{ij}=\{\begin{array}{ll}1 i=j[(\overline{H}_{U_{f}U_{r}})^{-1}\overline{H}_{U,.s_{r}]_{ij}} (i,j)\in U_{r}\cross S_{r}0 otherwIse\end{array}$ (8)
( $\overline{H}_{k+1}$ $\overline{H}$ . $nxn$ $A$ $S,$ $U\subseteq V$ , $A_{SU}$
$A_{1j},$ $(i,j)\in SxU$ $|S|\cross|U|$ ( $A$ ) ),
$D=(\begin{array}{llll}D_{S_{1}S_{1}} D_{S_{2}S_{2}} \ddots D_{S_{l}S_{I}}\end{array})$ (9)
. ,
$D_{S_{r}S_{r}}=\{\begin{array}{ll}\overline{H}_{S_{r}S,}-\overline{H}_{S_{r}U_{r}}(\overline{H}_{U_{r}U_{r}})^{-1}\overline{H}_{U_{r}S},. r\leq l-1\overline{H}_{S_{r}S_{r}} r=l\end{array}$ (10)
.
, $\nabla^{2}f(x_{k})$ , MCQN $H_{k}$ ,
. , (4) , $s_{k}^{T}y_{k}>0$ $H_{k}\succ O$






$V=\{1,2, \cdots n\},$ $E=$ { $(i,j)|$ $x\in \mathbb{R}^{n}$ $[\nabla^{2}f(x)]_{ij}\neq 0$ }, $\overline{E}=E\backslash \{(i, i)|i=1, \cdots n\}$
.
Step $0$ : ( )
(0-1) $G=(V,\overline{E})$ $G’=(V, \overline{F})$ .
(0-2) $G’=(V,\overline{F})$ RIP $\{C_{r}|r=1,2, \cdots l\}$
( $G’$ RIP , A2 ).
(5),(6) $S_{r},U_{r}$ . $S_{1},$ $S_{2},$ $\cdots$ $S_{l}$
1, 2, $\cdots n$ $G’$ .
$P$ .
(0-3) $F=\overline{F}\cup\{(i, i)|i=1, \cdots n\}$ .
$x_{0}\in \mathbb{R}^{n}$ , $(H_{0}^{-1})_{ij}=0,$ $\forall(i,j)\not\in F$ $H_{0}$ .
$k:=0$ .
Step 1 : ( ) $p_{k}=-H_{k}\nabla f(x_{k})$ .
5 $s_{k}^{T}y_{k}>0$ $H_{k}\succ 0$ n $F_{k+1}\succ 0$ , $\det\overline{H}_{k+1}\succ 0$ . $\pi_{k+1}$ $g(4)$ ,
(4) $H^{*}$ , det $H$ $\geq det\overline{H}_{k+1}$ .
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Step 2: ( )
(2-1) $Pk$ , ( , Wolfe [3])
$\alpha_{k}$ .
(2-2) $x_{k+1}=x_{k}+\alpha_{k}p_{k}$ .
Step 3 : , $x_{k+1}$ . Step 4 .
Step 4: ( )
(4-1) $s_{k}=x_{k+1}-x_{k},$ $y_{k}=\nabla^{2}f(x_{k+1})-\nabla^{2}f(x_{k})$ .
(4-2) (BFGS , DFP ) , $(\overline{H}_{k+1})_{ij},$ $\forall(i,j)\in$
$F$ . ( , BFGS , (2) )
(4-3) (7) $\sim(10)$ , $H_{ij}=(\overline{H}_{k+1})_{ij}$ , $\forall(i,j)\in F$ $H$ ,
$H_{k+1}$ .
$k:=k+1$ , Stepl .
Step 4-3 , . , 2 , $H_{k}$ ,
Step 2 $Pk=-H_{k}\nabla f(x_{k})$ , Step 4-2 $(\overline{H}_{k+1})_{ij}\forall(i,j)\in F$ $H_{k}y_{k}$
2 . $H_{k}$ . ,
$(H_{k})_{ij},$ $\forall(i,j)\not\in F$ $(\overline{H}_{k+1})_{tj},$ $\forall(i,j)\in F$ (8) $\sim(10)$
, MCQN , $H_{k}$ , $H_{k}$ $d\in \mathbb{R}^{\mathfrak{n}}$ $H_{k}d$
. , .













$\nabla^{2}f(x)$ $G=(V,\overline{E})$ . $G$
$G’=(V, \overline{F})$ .




$F$ , $B_{k}$ $\nabla^{2}f(x)$ , $H_{k}$







, MCQN 1 . $d\in \mathbb{R}^{n}$ , $H_{k}d$
. $w\in \mathbb{R}^{n}$ , $L_{r}w$ $O(|U_{r}||S_{f}|)$ ,
$Dw$ $O( \sum_{r=1}^{l}|S_{r}|^{2})$ $*6$ Hkd $o( \sum_{r=1}^{l}(|U_{r}||S_{r}|+|S_{r}|^{2}))=$
$O( \sum_{r=1}^{l}|C_{r}|^{2})$ .
, Step2 , ( $\nabla f(x_{k})$ )
$O( \sum_{r=1}^{l}|C_{r}|^{2})$ . , Step 3 . Step 2 .
Step 4 1 . , $[F_{k+1}]_{ij},$ $\forall(i,j)\in F$
. BFGS ,
$( \overline{H}_{k+1})_{ij}=(H_{k})_{ij}+\rho s_{i}s_{j}-\frac{(H_{k}y_{k})_{t}(s_{k})_{j}+(s_{k})_{i}(H_{k}y_{k})_{j}}{s_{k}^{T}y_{k}}$ $\forall(i,j)\in F$
. , $H_{k}y_{k}$ t $H_{k+1}]_{1j},\forall(i,j)\in F$ $O(|F|)$ . $H_{k}y_{k}$
$O( \sum_{r=1}^{l}(|U_{r}||S_{r}|+|S_{r}|^{2}))$ , $H_{k+1}]_{ij},\forall(i,j)\in F$
$O(|F|+ \sum_{r=1}^{l}(|U_{r}||S_{r}|+|S_{r}|^{2}))=O(\sum_{r=1}^{l}|C_{r}|^{2})$
.
, (8) $\sim(10)$ $L_{r},$ $r=1,2,$ $\cdots$ $l$ $D$ . $\overline{H}_{k+1}$
. , $\overline{H}_{U_{r}}{}_{U_{r}}\overline{H}_{S_{r}}{}_{U_{r}}\overline{H}_{S_{r}S_{r}},$ $r=1,2,$ $\cdots l$ $O(|U_{r}|^{2}),$ $O(|U_{r}|x|S_{r}|),$ $O(|S_{r}|^{2})$
. , $(\overline{H}_{U_{r}U_{r}})^{-1}$ $O(|U_{r}|^{\theta})$ . , $D$ $L_{r},$ $r=1,2,$ $\cdots l$
$o( \sum_{r=1}^{l}|C_{r}|^{3})$ . , $[(H_{k})_{U_{r}U}..]^{-1}$ $r=1,2,$ $\cdots$ , $l$
, Sherman-Morrison [3] , $O( \sum_{r=1}^{l}|C_{r}|^{2})$
.
$*6L_{r},$ $r=1,2,$ $\cdots l-1$ ,
$L_{r}=I+M_{r}$ , $M_{r}=t_{0}[L_{r}]_{ij}$ $otherwise(i)j)\in U_{r}xS_{r}$
, $L_{r}w=(I+M_{r})w=w+M_{r}w$ . $M_{r}$ $|U_{r}|x|S_{r}|$ . $M_{r}w$
, $O(|U_{r}||S_{r}|)$ . , $L_{r}w$ $O(|U_{r}||S_{r}|)$ .
$Dw$ .
$Dw=(\begin{array}{l}Ds_{2}s_{2}w_{S_{2}}D_{S_{1}S_{1}}w_{S_{1}}\vdots D_{S_{l}S_{l}}w_{S_{l}}\end{array})$
, $o( \sum_{r=1}^{l}|S,.|^{2})$ . , $w_{S_{r}}$ $w_{i},$ $i\in S_{r}$ $|S_{r}|$ \mbox{\boldmath $\tau$}b6.
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, $(H_{k})_{ij},$ $\forall(i,j)\in F$ $O(|F|),$ $(H_{k})_{lj},$ $\forall(i,j)\in F$
$[(H_{k})_{U_{r}U_{r}}]^{-1},$ $r=1,2,$ $\cdots l-1$ $O(|F|+ \sum_{r=1}^{l}|U_{r}|^{2})$ .
, MCQN
$\bullet$ $(H_{k})_{ij},$ $\forall(i,j)\in F$
$-$ $O(|F|)$
$-$ 1 $O( \sum_{r=1}^{l}|C_{r}|^{3})$
$\bullet$ $(H_{k})_{1j},\forall(i,j)\in F$ $[(H_{k})_{u,.u_{r}}]^{-1},$ $r=1,2,$ $\cdots l-1$
- $O(|F|+ \sum_{r=1}^{l}|U_{r}|^{2})\leq O(\sum_{r=1}^{l}|C_{r}|^{2})$
- 1 $O( \sum_{r=1}^{l}|C_{r}|^{2})$
.
, $|C_{r}|\ll n$ . 2 4 $l\leq n$ , $\sum_{r=1}^{l}|C_{r}|^{2}\ll n^{2}$
. , $n$ . $l=n$
$r=1,2,$ $\cdots n$ $|C_{r}|=2$ . , $(H_{k}):j,$ $\forall(i,j)\in F$, $r=1,2,$ $\cdots l$
$[(H_{k})u_{r}u_{r}]^{-1}$ , 1 $O(n)$
.





, $G$ , MCQN .
, Xue [4] , $O(|V|+ \sum\deg(v)+\sum\deg^{2}(v))\sim O(\Delta x|\overline{F}|)$ . (
, $\Delta=\max\{\deg(v)|v\in V\}$ , $G=(V, \overline{F})$ . )





MCQN . CPU 34GHz Pentium4, 3.$5GB$
, MATLAB70 .






$C_{r},$ $r=1,2,$ $\cdots$ $l$ . $|C_{r}|$ .
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, $\{C_{r}’\},$ $\{C_{r}’’\}$ $G$ $G’$ , $G$ $G”$
.
, $A$ $n$ $n=1000$ . $A$ , MATLAB sprandsym
, .
$A=sprandsym$($n,$ $nz,$ $rc$ , option)
sprandsym , $1/rc$ , $t=$ $/n^{2}$ ) $nz$
, $n\cross n$ . option ,
, $opti\sigma n=2$ $*9$ , $b$ $[0,1]^{n}$ .
, $x_{0}$ $x_{0}$ $:=(100, \cdots 100)^{T}\in \mathbb{R}^{n}$ , $H_{0}$ $H_{0}$ $:=I$ ($n$ ) .
v $\overline{H}_{ij},\forall(i,j)\in F$ BFGS (2) . $H_{k+1}$ ? $s_{k}^{T}y_{k}\leq$
2.2 $x10^{-16}$ $H_{k+1}=H_{k}$ . ,
$\Vert\nabla f(x_{k})\Vert<10^{-5}$
.
$A$ 1 ( , $A$
1% . ). , 1 2 . ( ,
$A$ Del-cost, Ext-cost , $A$ sprandsym ,
( ) $rc$ 0.01 . )
1 ( $A$ :1%)
2
# 13
9.5 62 45 0.4% 3,975 168,242185 73 56 0.6% 4,277 744,29997.0 288 141 0.8% 4,697 1,323,8091979 519 182 10% 5,115 1,661,67813076 2312 334
.
$*8$ , Del-MCQN Ext-MCQN 1 ,
$O( \sum_{r}|C_{r}’|^{2}),$ $O( \sum_{r}|C_{r}’’|^{2})$ ( $(H_{k})_{ij},$ $\forall(i,j)\in F.$ $[(H_{k})_{U,L’},.]^{-1},\forall r=1,2,$ $\cdots l$ ).
Del-MCQN , Ext-MCQN , ,
, .
9 option $=2$ , sprandsym $1/rc$ . . 1
.
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, $A$ , Del-MCQN .
6
, MCQN , MCQN $G$
, $G$ . (
) MCQN 1 .
, Xue
. , MCQN
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. , . ,
Xue [4] . ,
. , $Suc_{G}(v_{i})$ $:=$ { $v_{j}|j>i$ and $v_{j}\in Adj_{G}(v_{i})$ }
.
Edge-maximal chordal subgraph (Xue [4])
: $G=(V, E)$
: $G$ ( ) $G’=(V, E’)$
Step $0$ : $k:=n$ , $V^{k}$ $:=\emptyset$ . $E^{k}$ $:=\emptyset,$ $peo:=\emptyset,$ $U:=V$ . , $\forall v\in V$ , $t(v)=\emptyset)$
$s(v)=0$ .
Step 1 : $k=1$ . $G^{k}$ $:=(V^{k}, E^{k})$ $peo=(v_{1}, \cdots v_{n})$ PEO
.
Step 2 : $s(v)= \max\{s(u)|u\in U\}$ $v\in U$ 1 . $V^{k-1}$ $:=V^{k}\cup\{v\}$ . $peo:=(v,peo)$,
$U:=U\backslash \{v\}$ . $E^{k-1}$ $:=E^{k}\cup$ { $(v,$ $u)|u=t(v)$ or $u\in Adj_{G}(v)\cap Suc_{G^{k}}(t(v))$ } .
$v$ $v_{k}$ .
Step 3 : $\forall u\in Ad|_{G}(v)\cap U$ , $r_{u}$ $:=1+|Suc_{G^{k}}(v)\cap Adj_{G}(u)|$ .
, $r_{u}\geq s(u)$ . $t(u)$ $:=v,$ $s(u)$ $:=r_{u}$ . $k:=k-1$ , Step 1 .
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1 Step 2 $\max\{s(u)|u\in U\}$ , Xue $G$
.
Xue $G$ , .
4([4],Theorem 3.1) $G=(V, E)$ Xue
$G’=(V, E’)$ . $G’$ $peo=(v_{1}, \cdots v_{k})$ PEO $G$
.






Step 1 : $r:=1,$ $C_{1}$ $:=\{v_{n}\}$ , $\mathcal{K}_{n}$ $:=\{C_{1}\},$ $parent(C_{1}):=\emptyset,$ $i^{\backslash }.=n-1$ .
Step 2 : $i=0$ . $A_{i}$ $:=Adj(v_{i})\cap\{v_{i+1},$ $\cdots v$ .
$C_{q}\supseteq A_{i}$ $C_{q}\in\kappa_{\iota+1}$ .
Step 3 : $C_{q}=A_{i}$ , $C_{q}$ $:=C_{q}\cup\{v_{i}\}$ .
, $r:=r+1,$ $C_{r}$ $:=A_{i}\cup\{v_{i}\},$ $parent(C_{r})$ $:=C_{q},$ $\mathcal{K}_{i}$ $:=\mathcal{K}_{i+1}\cup\{C_{r}\}$ .
Step 4 : $i:=i-1$ , Step 2 .
, $\{C_{r}\}$ .
( ) ( ) parent .
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